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Abstract: The aim of this note is to outline the structure of the cate- 
gory of the Gorenstein projective A-modules, where A is a Nakayama alge- 
bra. We are going to introduce the resolution quiver of A, which provides 
a fast algorithm in order to obtain the Gorenstein projective A-modules 
and to decide whether A is a Gorenstein algebra or not, and whether it is 
CM-free or not. 

Throughout the paper, A will be a connected Nakayama algebra with s simple modules. 
The minimal length of an indecomposable projective module will be denoted by p and we 
usually will assume that p > s (thus that the endomorphism ring of any indecomposable 
projective module has a non-zero radical). 

Let mod A be the category of all A-modules of finite length. We denote by gp A the full 
subcategory of mod A given by the Gorenstein projective modules, and gp A denotes its full 
subcategory of all Gorenstein projective modules without any indecomposable projective 
direct summand. Recall that A is said to be CM-free provided all Gorenstein projective 
modules are projective. 

Theorem 1. Let A be a Nakayama algebra. LetC be the additive subcategory of mod A 
whose indecomposable objects are the indecomposable non-projective Gorenstein projective 
A-modules as well as their projective covers. Then C is a full exact abelian subcategory of 
mod A closed under extensions, projective covers and minimal left A- approximations such 
that 

gp A C C C gpA. 

The category C is equivalent to mod A', where A' is a connected self-injective Nakayama 
algebra and the inclusion functor C — > gp A induces an equivalence mod A' — > gp A. 

The subcategory C may be called the Gorenstein core of mod A. In order to determine 
C it is sufficient to decide which indecomposable projective modules belong to C. An 
arbitrary module M belongs to C if and only if the modules P, P' in a minimal projective 
presentation P' — > P — > M — > belong to C. 

In section 3, we will introduce the "resolution quiver" R of A. The vertices of R are the 
simple A-modules and such a vertex S is said to be black provided the projective dimension 
of S is at least 2, otherwise it is said to be red. As we will see any connected component 
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of R contains precisely one cycle. The indecomposable projective module P belongs to C 
if and only if topP belongs to a cycle of black vertices. 

Theorem 2. The algebra A is a Gorenstein algebra if and only if any cycle in R 
contains only back vertices. The algebra A is CM- free if and only if any cycle in R contains 
at least one red vertex. 

Acknowledgment. This investigation is part of an ongoing project with Zhang Pu 
devoted to determine explicitly the Gorenstein projective modules for suitable classes of 
rings. The author is grateful to Zhang Pu and his collaborators at SJTU, but also to 
Xiao-Wu Chen for advice and comments. 

1. Notation. 

We denote by Q = Q(A) the quiver of A; its vertices are the (isomorphism classes of 
the) simple A-modules and there is an arrow S — >■ S' provided there is a length 2 module 
with top S and socle S' . Since we assume that no simple module is projective, the quiver Q 
is just a cycle. Let r be the Auslander-Reiten translation. Since A is a Nakayama algebra 
without simple projective modules, an arrow S — > S' in Q corresponds to the assertion 
r(S) = S'. Often, we will use the vertices x of the quiver Q in order to index corresponding 
modules: thus, we write S(x) for the simple module itself, P(x) for the projective cover of 
S(x) and H(x) for the factor module of P(x) of length s. 

In general, given a module M, we denote by P(M) a projective cover, and by Q(M) 
the first syzygy module. Inductively, let P$(M) = P(M), Q (M) = M, and for n > 1, let 
P n {M) = P(Q n (M)) and Q n (M) = 0(O n _i(M)). Thus, there are exact sequences 

o -> n n+1 (M) -)• p n (M) -> n n (M) -> o 

for all n > 0. A minimal projective resolution of M has the form 

• • • P n (M) -> P n _i(M) -> ► P X (M) -> P (M) -)• M -)■ 0, 

with O n (M) being the image of P n (M) ->■ P n _i(M). 

Recall that a complex P. = (Pi, Si) with maps 5 : Pj — >■ P»_i is called a complete 
projective resolution provided it is an exact complex of projective modules Pi such that 
also the complex Hom(P», A) is exact. The latter condition is equivalent to the requirement 
that the inclusion map Im(5j) C Pj_i is a left A-approximation, for all i. A module M is 
said to be Gorenstein projective provided there is a complete projective resolution (Pi, Si) 
such that M = lm(5 ). 

An artin algebra A is said to be a Gorenstein algebra provided the injective dimension 
of aA as well as of Aa is finite. If this is the case, these dimensions are equal and called 
the Gorenstein dimension (or also the virtual dimension) of A; we will denote it by v(A). 
Note that A is a Gorenstein algebra with Gorenstein dimension at most v if and only if 
fi v (M) is a Gorenstein projective module, for every module M. 

An artin algebra is said to be CM-free provided every Gorenstein projective module 
is projective. 
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2. Projective resolutions of indecomposable A-modules. 

An indecomposable projective module P is said to be minimal provided its radical is 
non-project ive (thus provided P = P(S) for some simple module S of projective dimension 
at least 2). Note that a proper non-zero submodule of a minimal projective module is not 
projective (this explains the name). 

Lemma 1. Let M be an indecomposable non-projective module. An embedding M — >■ P 
is a minimal left A- approximation provided P is a minimal projective module. 

Proof. If there exists an embedding M — > P, with P projective, then there is such an 
embedding M — > P with P indecomposable. Since we assume that M is not projective, 
there is such an embedding M — > Pq, where Pq is i n addition minimal projective. 

It remains to be shown that any embedding u: M — > Pq with Pq minimal projective 
is a left A-approximation. We have to show that any non-zero map /: M — > Pi with Pi 
indecomposable projective factors through u. Here, we can assume that also Pi is minimal 
projective (namely, since M is not projective, it will map into radPi, thus, if radPi is 
projective, we may replace Pi by radPi). 

There are several ways to show that / factors through u. One possibility is to look 
at the Auslander-Reiten quiver of A and consider various right almost split maps. Here 
is a proof which uses the fact that M is projective and injective in the category of A- 
modules of Loewy length at most \M\ and that any automorphism of a submodule of an 
indecomposable module X can be extended to an automorphism of X. 

We use induction on the length of Ker(/). If / is a monomorphism, then Pq has to 
be a submodule of Pi and the image of / coincides with the image of u. It follows that / 
factors through u. Now assume that Ker(/) 7^ 0. Let S be the socle of the image of / and 
take a composition series 

Ker(/) = K C K x D • • • D K s = 

of Ker(/). Note that K^/Kt = t 1 S for 1 < i < s. 

Since M is not projective, / maps into N = radP, and by assumption N is not 
projective. Let q: P = P(N) — > N be a projective cover of N, say with kernel U. Let 

U = U C Ux d ■ ■ ■ d U u = 

be a composition series of U. Then also Ui-i/Ui = r l S for 1 < i < u. Note that for 1 < i < 
u — 1, the module P/Ui is injective and not projective, thus the modules t 1 S = Ui-i/Ui 
for 1 < i < u — 1 are not torsionless. 

Now assume that s < u. Then 1 < s < u — 1 and therefore K s -i/K s = t s S is 
not torsionless. But this is the socle of the module M and by assumption there is the 
embedding u: M — > P\. This contradiction shows that we must have u < s. 

Consider the restriction of q: P(N) — > N to q~ 1 (Im(f)). The length of q~ 1 (Im(f)) is 

\q-\lm(f))\ = |Im(/)| + |Ker(g)| = | Im(/)| + u < \ Im(/)| + s = \M\, 

and therefore we can lift the map /: M ->■ Im(/) to Q" 1 (Im(/)). Thus, there is a (surjec- 
tive) map /': M — > q~ 1 (Im(f)) such that qf = f. Note that the kernel of /' (as well as 
the kernel of the composition u'f of /' with the embedding u' : q ,_1 (Im(/)) — > P(N)) has 
length s — u < s), thus by induction u'f factors through u, therefore / factors through u. 
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Lemma 2. Let M be an indecomposable non-projective module. The following asser- 
tions are equivalent: 

(1) The module M is Gorenstein projective. 

(2) All the projective modules occurring in a minimal projective resolution of M are min- 
imal projective. 

(3) There is an exact sequence 

->■ M ->■ ->■ > P ->■ M ->■ 

suc/i a// i/ie modules Pi are minimal projective modules. 

Proof. (1) =r- (2). This follows from Lemma 1. 

(2) =>- (3). We assume that we deal with the projective resolution 

->• P n -> P n _i ->• ► Pi -)• P -> M -> 0. 

Now all the images Q n (M) are indecomposable, thus there are natural numbers < n' < n 
such that Q n (M) = Q n /(M). Choose n minimal and assume that n' > 1. Now O n (M) 
is a submodule of P n _i, and O n /(M) is a submodule of P n '-i- Since O n (M) = O n /(M), 
the minimality of P n _i and P n '-i implies that P n _i = P' n ,_ x and therefore O n _i(M) = 
Q n /_i(M). But this contradicts the minimality of n. Thus n' = and O n (M) = f2 (M) = 
M. 

(3) ^> (1). We assume that there is given an exact sequence 

-> M ->• P n _i ->• > P ->■ M ->■ 

such that all the modules Pj are minimal projective modules. Concatenation of countably 
many such sequences yields a complete resolution with M as one of the images. This shows 
that M is Gorenstein projective. 

3. The resolution quiver of A. 

Let 7>S = rsocP(5'). The importance of the map 7 stems from two observations, 
see Lemmas 3 and 4. As Xiao-Wu Chen has pointed out, the map 7 has been considered 
already by W. H. Gustafson [G]. 

Lemma 3. Let M be an indecomposable module. Then either the projective dimension 
of M is at most 1 and VL 2 {M) = 0, or else top0 2 (M) = 7topM. 

Proof: Write M = P(M)/U for some submodule U of P(M). We can assume that U 
is a proper submodule of P(M). There are exact sequences of the following form 

->■ tt 2 (M) ->■ Pi(M) ->■ fii(M) ->■ 
->■ n t (M) ->■ P(M) ->• M ->■ 0. 

Clearly, socOi(M) = soc P(M) and the first exact sequence shows that either tt 2 (M) = 
(thus the projective dimension of M is at most 1) or else topf^l-^O = rsocni(M). In 
the latter case, topQ 2 (M) = 7topM. 
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Inductively, we see: 

Corollary. Let M be an indecomposable module andm G N. Then either Q 2m (M) = 
or else top0 2 m(Af) = 7 m topM. 

Lemma 4. Let S be a simple module. Then 

n 2 H(S) = H^S). 

Proof. Since H(S) has length s, its projective presentation is 

P(S) ->■ P(S) ->■ -)• 0, 

and therefore Q 2 H(S) has length s. On the other hand, according to Lemma 3, we know 
that Q 2 H(S) is a factor module of P(*yS). 

Corollary. Let S be a simple module and m a natural number. Then 

n 2m H(S)=H( 7 m S). 

We say that a vertex x or the corresponding simple or projective modules S(x) and 
P(x) are black provided P(x) is minimal projective, otherwise x (and S(x) and P(x)) will 
be said to be red. Note that x is black if and only if the projective dimension of S(x) is 
equal to 1, and red if and only if the projective dimension of S(x) is greater or equal 2. 

The resolution quiver R has as vertices the (isomorphism classes of the) simple A- 
modules, and for any simple module S, there is an arrow S — > 7S 1 . 

Note that any connected component of the resolution quiver has a unique cycle. Proof: 
This follows from the fact that at any vertex x precisely one arrow starts; thus given any 
connected component, the number of arrows in the component is equal to the number of 
vertices in the component. 

A cycle in R will be said to be black provided all the vertices occurring in the cycle 
are black, otherwise it is said to be non-black. A vertex x is said to be cyclically black 
provided x belongs to a black cycle. 

Proposition 1. The resolution quiver has no black cycles if and only if A is CM-free. 

Proof: Assume that there are no black cycles. Let M be an indecomposable non- 
projective module. We show that there exists n such that P n (M) is red, thus M cannot 
be Gorenstein projective. 

First, assume that M has finite projective dimension, say assume that M has fi- 
nite global dimension, thus Ct n (M) is indecomposable projective for some n > 0. Then 
Q n+ i(M) P n (M) is a proper inclusion, thus P n is not minimal projective (thus red). 

Second, assume that M has infinite projective dimension. Then P 2m (M) belongs to a 
non-black cycle for m 3> 0, thus there is such an m with P 2m (M) red. 

Conversely, let us assume that there is a black cycle x\ — > x 2 —>■•••—>■ x n — )■ x\. Then 
we concatenate the exact sequences 

-> H(x i+1 ) -)■ P( Xi ) -> P(xi) -> H( Xi ) -)• 
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in order to obtain a complete resolution of H(x\). This shows that H(xi) is Gorenstein 
projective. 

The resolution quiver has the following property: any vertex y is end point of at most 
one arrow x — > y with x black. Namely, if S, S' are black simple modules with •fS = 7S", 
then rsocP(S) = rsocP(S'), thus socP(S) = socP(S') and therefore P(S) C P(S') or 
P(S') C P(S'). However, since both P(S) and P(S') are minimal projective modules, it 
follows that P(S) = P(S') and thus S = S' . 

As a consequence we obtain: 

Red entrance Lemma. If xq — > x\ — > ■ ■ ■ — > x a — > y is a path such that y is cyclically 
black, whereas x a is not cyclically black, then x a is red. 

Proof. Since y is cyclically black, there is an arrow x' — > y such that also x' is cyclically 
black. Since x a is not cyclically black, we have x a 7^ x', and it follows that x a cannot be 
black, thus it is red. 

Lemma 5. Let M be indecomposable and not projective. Then the following conditions 
are equivalent: 

(1) M is Gorenstein projective. 

(2) Both top M and top O(M) are cyclically black. 

(3) Both top M andrsocM are cyclically black. 

Proof: The assertions (2) and (3) are equivalent, since rsocM = topO(M). 

(2) =>- (1). If topM is cyclically black, then all the modules P2 m (M) are black, 
for m > 0. If topO(M) is cyclically black, then all the modules P2 m +i(M) are black, for 
m > 0. Thus, if both conditions are satisfied, then all the projective modules occurring in 
the minimal resolution of M are minimal, thus M is Gorenstein projective, according to 
Lemma 2. 

(1) =^ (2). Assume that topM is not cyclically black. Then there is some m > 
such that 7 m topM is red, but P 2m (M) = P(^ m topM). Similarly, if topOM is not 
cyclically black, then there is some m > such that 7 m OtopM is red, and P2 m +i(M) = 
P(7 m topOM). Thus, M cannot be Gorenstein projective, according to Lemma 2. 

Remark. It seems to be of interest to identify the sources of the resolution quiver 
R: The simple module S is a source of R if and only if r~ S cannot be embedded into A 
(thus if and only if I(r~S) is not projective). Namely, if S is in the image of 7, then 
there is a simple module S' with S = 76" = rsocP(5"), thus r~ S = soc P(S') C socA. 
And conversely, if t~S can be embedded into A, then it can be embedded into some 
indecomposable projective module P(S'), and then 76" = rsocP(S' / ) = tt~S = S, thus 
S is in the image of 7. 

As a consequence, the number of sources of R is equal to s — t, where t is the number 
of indecomposable modules which are both projective and injective (and this is also the 
number of minimal projective modules). 

The same argument shows that in general the number of arrows ending in S is equal 
to the number of projective modules with socle r~S. 
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4. The elementary Gorenstein projective modules. 

Lemma 6. Let S be a simple module which is cyclically black. Denote by G(S) the 
non-zero factor module of P(S) which is Gorenstein projective and of smallest possible 
length. Then the length of G(S) is at most s. 

The modules G(S) will be called the elementary Gorenstein projective modules. 

Proof. The module H(S) is Gorenstein projective, since top QH(S) = top H(S) = S. 
Thus G(S) has to be a factor module of H(S), and therefore (G^S 1 )! < s. 

Proposition 2. Assume that there is at least one cyclically black vertex, say x. Let 
be the cyclically black vertices. Then the modules G [x\ ),..., G(x g ) are 
pairwise orthogonal bricks and 

£* 1 \G(x i )\ = s. 

Proof: Write Xi = r n ^x with < n(i) < s and we may reorder the indices so that 
= n(l) < n(2) < ■ ■ ■ < n(g). Then H(x) has a filtration 

H(x) = M D Mi D • • • D M s _i D M g = 

such that Mi-i/Mi = G{xi) for 1 < % < g. 

Thus we see: The elementary Gorenstein projective modules are thin, and have pair- 
wise disjoint support. If there is at least one non-projective Gorenstein projective module, 
then the union of the support of the elementary modules is the set of all simple modules. 

Proposition 3. Let C be the set of A-modules with a filtration with factors in Q = 
{G(xi), . . . , G(x g )}. Then 

(a) The category C is an abelian exact subcategory with simple objects G(xi), . . . , G(x g ) 
and projective objects P(xi), . . . , P(x g ). 

(b) We have 

gp Q C C gp . 

and C is closed under extensions, projective covers and minimal left A- approximations. 

(c) The category C is equivalent to the module category of a self-injective Nakayama 
algebra A' with g simple modules. 

(d) The embedding mod A' — > mod A induces an embedding modA/ — > mod A with 
image just gp. 

Proof: (a) and (b). All the modules G(x) are Gorenstein projective, thus C C gp. On 
the other hand, if X is in gp , let X' be a non-zero Gorenstein projective factor module of 
X with smallest possible length. Consider the projective cover P(x) of X, then x has to be 
cyclically black and X' = G(x). Also, the kernel X" of X — > X' is Gorenstein projective 
and by induction belongs to C. Since both X" and X' belong to C, also X belongs to C. 
This shows that gp C C. 

The process of simplification (see [R]) asserts that the category C is abelian with simple 
objects G(xi), . . . , G(x g ). 
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If x is cyclically black, then there is the surjection P(x) — > G(x). Since G(x) is 
Gorenstein projective, also the kernel of P(x) — >■ G(x) is Gorenstein projective .... 

(c) The category C is equivalent to the module category of an artin algebra A'. Since 
the indecomposable objects in C have a unique composition series as A-modules, they also 
have a unique composition series as objects in C, thus A' is a Nakayama algebra. Of course, 
the modules P(x) with x cyclically black, are projective as objects of C, thus these are the 
indecomposable projective A'-modules. 

The algebra A' is self-injective: The simple A'-modules are the modules G(x) with x 
cyclically black. Now Cl\/G(x) = QaG(x), thus Q\'G(x) is not projective. This shows that 
the Kupisch series (p[, . . . ,p' g ) of A' satisfies p[ < p' 2 < • • • < p' < p[, thus it is constant. 

(d) Let X, Y be indecomposable in gp , and /: X — > Y a morphism which factors 
through a projective A- module, say P. Then the morphism X — > P factors through P' , 
where X — > P' is the minimal left A-approximation of X. But P' belongs to C and is 
projective in C, thus / is zero in gp. 

Proposition 4. If M belongs to C, its length as object of C is the number of A- 
composition factors of M which are cyclically black. 

More information about A'. We know that the number of simple A'-modules is g. 
The length of the indecomposable projective A'-modules is given by the formula 

9 
i=l 

(where xi, . . . ,x g are the cyclically black vertices and p(xi) = \P(xi)\). 
Proof: We have 

j^p{ Xi ) = \p{xi)\ = EE 1^01 = EE \°^\ 

i=l i=l i=l i=l i=l i=l 

p' P' 

= Ei^)i = E s =^ s - 

i=l i=l 

Proposition 3 is essentially a refinement of Theorem 1. But the assertion of Theorem 
1 allows that A is not connected (then we consider the connected components of A sep- 
arately). Also, Theorem 1 includes the case that A (or a connected component of A) is 
CM-free: If A is CM-free, then C is the zero category. 

Remark 1. In general, one may look for full exact abelian subcategories C closed 
under projective covers in mod A, such that 

gp Q C C gp . 

Such a subcategory C is uniquely determined, if we assume that the endomorphism ring 
of any indecomposable projective module has a non-zero radical (our usual assumption 
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p > s): the objects of C have to be just those of gp as well as their projective covers. 
(Namely, assume that X is indecomposable and belongs to C, but not to gp , then X 
must be projective, say X = P(S) for some simple module S. Since C is closed under 
cokernels, H(S) has to belong to C, thus must be Gorenstein projective. But this implies 
that S has to be cyclically black. Here we use that the modules H(S) do exist and are not 
projective; this is just the assumption p > s.) In particular, in case A is CM-free, we must 
have C = 0. 

On the other hand, if p < s and gp = {0}, let P be an indecomposable projective 
module of length s. Then the full subcategory C of all direct sums of copies of P is a full 
exact abelian subcategory of mod A, closed under projective covers of mod A and satisfies 
gp Q C C gp . 

Remark 2. The indecomposable objects in C are obtained from mod A by deleting 
some rays and some corays of the Auslander-Reiten quiver of A. Namely, we have to delete 
the corays ending in cyclically black simple modules S (these are the modules with top 
equal to S) and the rays starting in t~S, where S is cyclically black (these are the modules 
with socle r~S). 

5. Gorenstein algebras. 

Proposition 5. The Nakayama algebra A is a Gorenstein algebra if and only if all 
cycles in the resolution quiver of A are black. In this case, the Gorenstein dimension of A 
is equal to 2d, where d is the maximal distance between vertices and the black cycles. 

We need the following lemmas. 

Lemma 7. Let x = xq —>■•••—)■ xa be a path in the resolution quiver such that xa is 
cyclically black, whereas xj-i is not. Then G-dimH(x) = 2d. 

Proof. We show that 0,2d-iH(x) is not Gorenstein projective, whereas fl2dH(x) is 
Gorenstein projective. According to Lemma 4 we know that Cl2dH(S) = H{^y d S) = H(x<i) 
and this is a Gorenstein projective module. On the other hand, there is the following exact 
sequence 

-> H(x d ) -> P(x d _i) A P(x d _i) -> H(x d -!) -> 

and 0,2d-iH(x) is the image of /. In particular, we see that the top of Q,2d-iH{x) is 
S(xd-i) and this is a red vertex, according to the red entrance lemma. Since the top of 
Q2d-iP[(x) is not even black, Q,2d-iH{x) cannot be Gorenstein projective. 

Lemma 8. Assume that for any path xq —>■•••—>■ xa in the resolution quiver, the 
vertex xa is cyclically black. Then the G-dimension of any A-module is at most 2d. 

Proof. We show that Q.2d{M) is Gorenstein projective, for any module M. According 
to Lemma 5. we have to show that the modules top Q 2 d(M) and top Q 2 d+i(M) are zero or 
cyclically black. But top Q 2c i(M) is zero or equal to 7 d topM, and top0 2 d+i(Af) is zero or 
equal to 7 d topOM. The assumption of the lemma can be rephrased by saying that 7 d >S 
is cyclically black for all simple modules S. This completes the proof. 

Proof of proposition 5: First, assume that there is a non-black cycle in the resolution 
quiver, say involving the red vertex x. Then a minimal projective resolution of H(x) 
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involves infinite many copies of P(x) and P(x) is not minimal projective, thus H(x) has 
infinite G-dimension. This shows that A is not a Gorenstein algebra. 

On the other hand, if all the cycles in the resolution quiver are black, then all indecom- 
posable modules have finite G-dimension, according to lemma 8. Thus A is a Gorenstein 
algebra. 

Proposition 6. If A is a Gorenstein algebra, then v(A) < 2s — 2. 

Proof. Any path x = xq —>■•••—>■ xa in R such that Xd-i does not belong to a 
cycle involves pairwise different vertices, thus d < s — 1. Thus, Lemma 8 asserts that the 
G-dimension of any A-module is at most 2s — 2. 

As Xiao-Wu Chen has pointed out, this result (and its proof) corresponds to Gustafson's 
bound for the finitistic dimension of a Nakayama algebra. 

6. Calculation of resolution quivers. 

Recall that (pi, . . . ,p s ) is said to be a Kupisch series for A, provided we have labeled 
the indecomposable projective modules Pi, . . . , P s such that rad.P; is a factor module of 
P i+ i (thus provided there is an arrow Si — > S^+i) and pi = \Pi\. The Kupisch series for A 
are obtained from any one by cyclic permutation. 

It is an easy exercise to draw the resolution quiver of A is a Kupisch series is known. 
Namely, if (pi, . . . ,p s ) is a Kupisch series for A, then -fi = i + pi (modulo s). 

Two Nakayama algebras A, A' are said to have the same roof provided they have 
Kupisch series (pi,...,p s ) and (p[, • • • ,p' 8 ) such that pj — p[ = c, for 1 < i < s, where 
c = c(A, A') is a constant. If c(A, A') is a multiple of s, then A and A' have the same 
resolution quiver. 

In order to visualize roofs, it seems to be convenient to draw the Auslander-Reiten 
quivers for such a Nakayama algebras with p s = p = 2. For example, here is the roof of 
the Nakayama algebra with Kupisch series (m + 3, m + 2, m + 2): 



Let us stress the conventions which we use: if the Kupisch series is (m + 3, m + 3, m + 2), 
then p = m + 2, thus we exhibit just the Auslander-Reiten quiver of the algebra with 
Kupisch series (3, 3, 2). Always, the direction of the arrows will be deleted: all arrows are 
supposed to be directed from left to right, and the vertex far right has to be identified with 
the vertex far left (so that the Auslander-Reiten quiver lives on a cylinder). The projective 
vertices should be labeled going from right to left as P(l), P(2), P(3), see 
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In the picture above, two of the projective vertices, namely P{2) and P(3) were encircled 
(we usually encircle the minimal projective modules, they correspond to the black vertices). 

In order to draw the resolution quiver, we use as vertices the numbers 1, 2, . . . , s and 
we draw an arrow i — > j provided j = i+pi mod s. For the convenience of the reader, the 
black vertices will be encircled and the arrows which start at a red vertex will be dotted. 
Thus, the resolution quiver for the algebra with Kupisch series (5, 4, 4) or (8, 7, 7) (and so 
on) looks as follows: 

The bound 2s — 2 in Proposition 6 is optimal as the algebras with Kupisch series 

(ms + 1, ms + 1, . . . , ms + 1, ms) 
and m G Ni show. Namely, the resolution quiver looks as follows 

CD ► ••• -+S-1 >® J 

(since 7s = s + p s = s + ms = s mod s, whereas 72 = i + pi = iTms + 1 = i + 1 for 
1 < i < s — 1). The vertex s — 1 is red, all others are black. In particular, the loop at the 
vertex s is black. Thus, according to Lemma 7, the path 1— > 2 — y s — 1— > s shows 
that the G-dimension of H(s) is equal to 2s — 2. 

Examples. We present the different types of the connected Nakayama algebras with 
s = 3 and s = 4 (and p > s), but omit the self-injective ones. Note that for s = 3, this 
classification can be found already in the paper [CY] by Chen and Ye. 

In both tables, we show on the left the different roofs. The remaining columns are 
indexed by the numbers a with < a < s — 1 and show the resolution quiver of the 
Nakayama algebras with given roof and p = a mod s. 

The cases s = 3. 

p = mod 3 p = 1 mod 3 p = 2 mod 3 




t=2 



9=1, v=2 I 



III 



III 



©-^ 2 >(aQ 2 >©0© { ) (1 



1 H2 3 



5=2, w=2 I 



3=1 II 




2 K3) 1 3^2-^ 1 



t=2 



g=2, v=2 I 



III 



III 
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In addition of exhibiting the resolution quiver, we mention the type in question: type I 
means that we deal with a Gorenstein algebra (all cycles are black) ; the type III algebras are 
the CM- free algebras (no cycle is black); type II means that the algebra is not Gorenstein, 
but still there are non-projective Gorenstein projective modules (there are cycles which are 
black as well as cycles which are not black). In the left column, we mention the number t 
of minimal projective modules. For the algebras of type I and II, we add the number g of 
elementary Gorenstein projective modules, for those of type I (the Gorenstein algebras), 
the number v is the Gorenstein dimension (if d is the maximal distance between a vertex 
and a cyclically black vertex, then v = 2d). 
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The cases s = 4. 

p = mod 4 p = 1 mod 4 p = 2 mod 4 p = 3 mod 4 





t=2 




t=2 




t=2 



t=2 



t=3 



t=3 



t=3 



30 



2 

3 I 



9=1, «=2 I 



(1>^3...... 




III 



i ... 

3 E 2 



in 



3=1, v=4 I s=2, t>=2 I 



DO 

9=1 II 



1 .. 



; 3 ■■■■■>(4 




3 •> 1 



3=1, u=4 I 




2 "' 

9=2, u=2 I 
9=2, f=2 I 




III 



4 ^ • 1 



©' 



Ill 



III 



III 



©-*1 



©—►3' 



III 9 



3 >{2) 

=2, «=2 I 



®^(D-^ 3 "K'Q 3 3 ■><2 




9=1, u=6 I 



HI g=3, «=2 I 



;::-2..,,<:0 :Q 2 ..,,(| 




©^©: 




9=2, v=4 I 



9=3, v=2 I 



III 



1 ... 



d>^2...... 



Ill 



© 



III 



9=1 II 



(D-KD 



in 

© -> 1 @ -> 3 
III 

9=2 II 

(Q ©^CI>^2 
9=1 II 



9=3, v=2 I 



" 1 

HI 3=2, v=4 I 



III 
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7. Some classes of Nakayama algebras. 



Proposition 7. Letp = mod s. Then all the cycles in R are black loops. Thus A is 
a Gorenstein algebra and the indecomposable modules M in gp are those with a minimal 
projective presentation P' — > P — > M — > where both modules P, P' are of length p. 

Proof. We assume that p s = p. Let i be a vertex. If pi = p, then 72 = i, thus there is 
a black loop at the vertex i. Now assume that pi > p. We claim that % < < s. Let U be 
the submodule of P(i) of length p. Since p is a multiple of s, we see that U is an iterated 
self-extension of H(-fi). In particular, the top of U is equal to the top of H(ji), thus equal 
to 5(71). On the other hand, looking at the roof of A, we see that the projective cover of 
U is equal to P(j) with i < j < s. Thus, we see that i < 7 j < s. 

It follows that all paths in R are strictly increasing i < < ■ ■ ■ < 7 s i until we reach 
a vertex j = / y s i with pj = p, thus until we reach a black loop. 

Thus we see that the cyclically black vertices are those simple modules S with P(S) 
of length p. 

Proposition 8. If p = —1 mod s, then A is not Gorenstein. 

Proof. We show that the resolution quiver has a red loop. By assumption, the minimal 
possible length of an indecomposable projective module is a = — 1 mod s. Since A is not 
self-injective, not all the indecomposable projective modules have the same length, thus 
we can assume that the Kupisch series ends with (. . . , a + 1, a). Thus \P(s — 1)| = a + 1 = 
mod s. The inclusion P(s) C P(s — 1) shows that P(s — 1) is not minimal projective, thus 
S(s — 1) is a red vertex. On the other hand, since \P(s) \ is divisible by s, we have an exact 
sequence 



and, as we know, P(s) is not minimal projective. Thus the G-dimension of H(s) is infinite. 

Proposition 7 asserts that there are Nakayama algebras with infinite global dimension, 
with s > 2 being arbitrarily large, which are not self-injective, but are Gorenstein algebras 
(type I algebras). 

Similarly, all the Nakayama algebras with Kupisch series 



and m > 2 are algebras of type II (neither Gorenstein algebras nor CM-free). Namely, the 
resolution quiver of such an algebra is of the form 



->■ H(s) ->■ P(s) ->■ P(s) ->■ H(s) ->■ 0. 
It follows that the minimal projective resolution of H(s) is of the form 



> P(s) ->■ > P(s) ->• P(s) ->■ H(s) ->• 0, 



(ms, mSj . . . , 



ms, ms — 1) 





s-l 



(with x = s — 2); here we have s — 2 black loops and one red loop. 
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Finally, the Nakayama algebras A with Kupisch series 

(ms, ms — 1, ... , ms — 1) 

and m > 2 are all of type III (they have infinite global dimension and are CM- free). 
Namely, they have resolution quivers of the form 



© — >■ • • • — KD — ^© — >■ \ ) 

There is just one cycle, namely a red loop. 
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